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Abstract 

We summarize a study of an Abelian gauge theory in 2+1 dimensions, 
the gauge field being coupled to nonrelativistic Fermions. The Action for 
the gauge field is a combination of the Maxwell term and a Chern-Simons 
(CS) term. We study the limit of vanishing Fermions' charge, keeping 
fixed the gauge field mass induced by the CS term. By considering a 
closed surface, in particular a torus to keep translational invariance, we 
show that the Fermions do not decouple completely from the gauge field, 
and in fact they behave as Anyons treated in the -translationally invariant 
formulation of the- Mean Field approximation. We describe the exact 
solution of this limiting case. 



This lecture is based on ref. H and on previous work done on the problem 
of a translational invariant formulation of the Anyon mean field theory and its 
properties with respect to superfluidity and possibly superconductivity (for a 
general review of the previous work see ref.Q). Actually, to discuss those issues 
in a proper way it is necessary to introduce a suitable mathematical formalism: 
for instance the proper definition of the translation operators requires the spec- 
ification of the boundary conditions, which turns out to give rise to a nontrivial 
mathematical-physics problem of a field theory on a non-simply connected sur- 
face, in our case a torus. 

However, we have chosen here to emphasize the physical approach to the 
problem and the very well defined physical results. In fact we realized in ref [Q] 
that the Anyon mean field problem can be formulated as a limiting case, or in 
other words a critical case, of a more general interesting field theory that, in 
the critical limit, can be solved exactly. We decided then to skip the various 
mathematical-physics technicalities and concentrate on the physics of the prob- 
lem. It must be said however that the more technical ingredients are absolutely 
essential for the correct solution of the problem. For instance, the precise deter- 
mination of the spectrum can only be obtained after implementing the modular 
invariance. A thorough discussion of these points does not usually appear in the 
existing literature, and we are not aware of other papers doing it (i.e. a precise 
statement of the boundary conditions and their implications for the spectrum) 
but ref.Q and our previous work quoted there. 

We begin by considering a gauge theory in two space and one time dimen- 
sions, the gauge field being coupled to nonrelativistic Fermions. The Action for 
the gauge field is a combination of both the standard Maxwell term — l/4e 2 J F 2 
and a Chern-Simons (CS) term k/2ir f AF. One can assume that this theory 
comes out as an effective theory from some underlying microscopic dynamics 
in a context of a condensed matter problem, like the Hubbard model, see for 
instance || and references therein. One expects both terms on general grounds. 
This (2+l)dimensional gauge theory has been discussed in different contexts in 
various papers, in particular in [|J, H, ||. 

The nonrelativistic particles are coupled to the gauge field through the co- 
variant derivative D = d — iA. We can rescale the gauge field A — > eA to get 
the covariant derivative to be D = d — ieA where we see that the parameter 
e has the meaning of the electric charge. One should of course remember that 
e 2 has the dimensions of a mass because the dimensionality of the spacetime is 
3. The CS term can then be rewritten as # J AF where \i = fee 2 /2ir and it is 
known that this term gives the mass /i to the "photon", i.e. the quantum of the 
A field becomes massive ||. It is also known that the limit e — > oo (at fixed 
k), when the CS term dominates over the Maxwell term, reproduces the CS 
theory where there is no propagating particle associated to the A field and the 
effect of the gauge field is to introduce a statistics flip of the particles to which 
it is coupled. And, in fact, one recovers in this limit j?]] the CS description of 
a system of Anyons, which are particles of fractional statistics living on a two 
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dimensional surface (for a general review see B and references therein, and also 
H on more specific aspects of the Anyons' nonrelativistic quantum mechanics). 

Here we consider instead the opposite limit e — > 0, while keeping the mass p 
finite. At first sight this limit looks trivial because one expects the particles to 
decouple from the gauge field. Moreover no possible infrared divergence effects 
should spoil this naive expectation due to the finitcness of p. 

But the problem is made interesting by specifying the boundary conditions 
taking the two dimensional space, where the theory lives, to be a closed surface. 
In particular we will take it to be a torus because of the special interest in the 
aspects related to translational invariance, the torus being the unique Riemann 
surface which is invariant under translations. As the physical results are inde- 
pendent of the surface's size, eventually we can take the thermodynamical limit 
where the size of the torus goes to infinity at fixed Fermions' density. 

Since in our case the nonrelativistic particles are N identical Fermions, then 
the total charge seen by the gauge field will be Ne. It is well known that 
electromagnetism does not make sense on a closed surface if the total charge 
is different from zero. However our theory still exists, due to the CS term, 
provided the quantization condition N/k — integer is satisfied. One gets in fact 
a situation which reminds the problem of charged particles in a magnetic field 
due to monopoles, supposedly put in the region of a threedimensional space 
bounded by the closed surface; the total magnetic flux through the surface 
is different from zero but must obey a quantization condition. This can be 
easily seen by considering the equation for Aq, in the Coulomb gauge diAi = 
— x, ' 

(d 2 x +d 2 )A Q = ep + pF 

where p is the particles' density and F = F xy . By integrating both sides over 
the surface we get the relation 

Fd 2 x = -- [ pd 2 x = ~N 



p J ek 

This relation is a constraint on F, or in other words the theory makes sense only 
in the Hilbert space where this relation holds. Moreover we know that the total 
flux of F can be different fro m ze ro only when the Dirac quantization condition 



is satisfied, namely&liflttEJ 

Fd 2 x = n 

e 

giving N/k = n = integer. We can [ fLT[ |l2|| then split Ai into two pieces: 
Ai = A\ + Ai, where the "background" part is fixed by the requirement 

F b - 271 n 
* — rPo, 

ek 
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where po denotes the average particles density. There is no constraint on Aj, 
which then represents the quantum fluctuating (massive) degrees of freedom 
of the gauge field. Actually this relation does not fix completely A\, because 
topological modes ("flat connections") are still undetermined: they can be in- 
terpreted as Wilson loops of the gauge field along the handles of the torus. 

The explicit form of the gauge field is thus (see ref. for a more detailed 
discussion) 

Ai = — + —djXjN + At 
ve evk 

where the ai are the topological components (zero modes or "flat connections") 
of the gauge field, the second term represents the background A\ and the 
transverse Ai describes the fluctuating part of the gauge field. N is the to- 
tal number of Fermions, which is constant in our nonrelativistic problem. No- 
tice that Ai cannot be globally defined, since its flux through the surface is 
different from zero. This is seen here in the fact that Ai is not periodic for 
xi — > xi + m, X2 — > X2 + nv (the torus is described as a rectangle by iden- 
tifying opposite edges; the edges' sizes are conventionally 1 and v). We thus 
only require periodicity up to a gauge transformation (the fluctuating part A is 
instead strictly periodic). The independent variables of our quantum problem 
are the particles' coordinates and the gauge field degrees of freedom a, and Ai 
. We use a first quantization formalism and the Hilbert space is thus made out 
of the functionals of x\, ai and Ai, 4>(x l , a,A{), where the x l are the coordinates 
of the Fermions and / runs from 1 to N, the (fixed) number of these particles. 
The wave function will be periodic up to the above said gauge transformation. 

In the limit e — > the fluctuating part A4 decouples from the particles but 
the background does not since e J F b — —2nN/k. In fact, in the limit e — > 
we recover a sort of a "mean field" situation, where the particles interact with 
a constant magnetic-like field orthogonal to the surface and proportional to 
the particles' density. The proportionality constant corresponds precisely to 
the mean field app roximation of the theory of Anyons, also called sometimes 
H.&H.&lig "random phase approximation". 

We remind @] that the statistical parameter of these Anyons is 6 = tt(1 — 
1/fc), where #0 = it is due to the fact that we consider Fermions and A9 = —ir/k 
is the contribution from the statistical field. The possibility that the limit e — > 
could be related to the mean field theory of Anyons was anticipated in ref. || . 
Notice however that many important aspects of our picture, for instance keeping 
fi finite and the role of the boundary conditions, are different from the possible 
scenario considered in M. 

This mean field theory looks very much like the problem of the Landau 
levels, i.e. charged particles on a surface interacting with a constant magnetic 
field orthogonal to it, except that the surface is closed and, in the interesting 
case of the torus, it is also non simply connected. As we said the case of the 
torus is interesting because it is possible there to define a conserved momentum 
operator, with standard commutation relations 0. Therefore the mean field 
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theory which is obtained in the limit e — > must still be translational invariant 
in the usual sense. This is puzzling at first jL7|, because it is known that the 
Landau levels problem is not truly translationally invariant (only non commuting 
"magnetic" translations can be defined, see for instance |l8)). Thus, one could 
guess that genuine translational invariance is only restored after corrections to 
the mean field approximation are taken into account. 

But in our case this is not so. In the limit e — » the mean field picture 
becomes exact and therefore it must be genuinely translational invariant per se. 
And in fact translational invariance is recovered by taking also into account the 
topological degrees of freedom of the gauge field, which also do not decouple 
in the limit e — ► . Thus, this limit gives a solvable theory where also the 
topology of the surface plays an important role. In fact, even before taking 
the e — > limit, the Hamiltonian and momentum contain also the contribution 
of the topological degrees of freedom. In terms of the previously introduced 
variables a; and their conjugate 6$ = —id/dai, the Hamiltonian gets a term 
proportional to 

k 



and the Momentum a term 



1 » r 27riV , 

2 3 ~ ~k~ Cji i 

where N is the (conserved) total number of Fermions. The presence of these 
terms insures that 

[H,Pt]=0 [Pi,P S ]=0 

H and Pi being the total Hamiltonian and both components of the total Mo- 
mentum respectively. This structure survives the e — > limit. 

This limiting theory contains two energy scales (forgetting the Ai field which 
decouples). Namely the standard energy difference between Landau levels 

£ _ e\F h \ = 2npo 
M kM 

where M is the particles' mass, and the energy excitation of the topological 
degrees of freedom which turns out to be equal to the sum £ + fj,. 

We will mostly discuss the case where the two scales are of the same order 
of magnitude, i.e. fx — s£ with s finite. In the case [i >> £ the topological 
degrees of freedom are frozen in their ground state, which in this respect is the 
situation of the pure CS theory (corresponding to the opposite limit e — > oo). 
Thus, to be precise, the Anyon mean field theory corresponds to the limit e — > 
of the Maxwell-CS theory when \i >> £. But actually the ground states (at 
fixed total momenta) for ji ~ £ are similar to the ones for /i >> £ and in fact 
identical for the part referring to the particles, the energy eigenvalues differing 
by a finite rescaling. Thus, it is convenient to discuss the general case. 
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Notice that in the limit e — > at fixed n the CS parameter k goes to 
infinity. Thus, it would seem that the Anyons, whose mean field theory we 
have obtained, arc actually ordinary Fcrmions since as we said their statistical 
angle is 9 — 7r(l — 1/fc) — > ir. However, a closer inspection indicates that the 
case of ordinary Fermions corresponds to k ~ N and therefore to a vanishing, 
or "microscopic", gap: £ — > in the thermodynamical limit. In our case instead 
we keep £ finite. This implies that the density of particles is high enough that 
even in the limit k — > oo the correction to the statistical angle A9 = —ir/k 
provides a relevant effect. 

We are interested in particular in the ground state of our TV-body system, 
which we find to be " protected" against perturbations by the energy gap AE > 
£. Since we have also total momentum operators P x , P y which commute among 
themselves and with the Hamiltonian, we can look for simultaneous eigenstates 
of the total momentum and the Hamiltonian, describing the flow of the particles 
along the torus. We find persistent currents, i.e. we find that for some quantized 
eigenvalues of the total momentum's components the motion is protected against 
disturbances. The corresponding eigenstates can be interpreted as describing 
a sort of motion of a condensate of N/k groups of k particles, where all the 
groups have the same momentum. This is seen by the value of these exceptional 
eigenvalues of the total momentum, which are found to be Pi = ^rn where rn 
are integers (the momentum is naturally quantized in units of the inverse of the 
fundamental lengths of the torus, here put equal to 1). Other eigenvalues of the 
total momentum are also possible i.e. generically Pi — n i} but then the energy 
gets an additional contribution equal to the above said gap. Therefore a small 
perturbation corresponding to the scattering of a few particles and thus to a 
slight alteration of the total momentum is not possible if an energy of the order 
of the gap is not available. For charged particles those states describe therefore 
superconducting currents. 

Also, one can compute the particles' density in these eigenstates and one 
finds a constant value. This is a noncomplctely trivial result, related to the 
implementation of translational invariancc: in fact the expectation value of the 
density is obtained by integrating the modulus square of the wave function over 
all the particles' positions except one and also over the topological components 
of the gauge field. Thus, the mean field theory we have obtained is indeed 
self consistent, since the constant background magnetic field corresponds to a 
constant density. 

It is interesting to note that the above features, which we tried to summarize 
by saying that they describe a condensate, are obtained in a first quantization 
formalism, and the nontrivial manybody wave function is explicitly known. This 
is probably quite unusual. Let us stress that the above results are exact in the 
limit e — > 0. 

We believe that the exact results described above provide a zero order sce- 
nario of the properties of a fluid of Anyons, and moreover they can also be used 
as a starting point of a sistematic expansion (in powers of e) for taking into 
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account the effects of the deformation from the sclfconsistent uniform density 
case described above. 
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